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Abstract 

We describe three-dimensional Kerr-de Sitter space using similar methods as recently ap- 
plied to the BTZ black hole. A rigorous form of the classical connection between gravity 
in three dimensions and two-dimensional conformal field theory is employed, where the fun- 
damental degrees of freedom are described in terms of two dependent SX(2,C) currents. 
In contrast to the BTZ case, however, quantization does not give the Bekenstein-Hawking 
entropy connected to the cosmological horizon of Kerr-de Sitter space. 
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1 Introduction 



The past few years have seen significant progress in the understanding of the fundamental 
degrees of freedom in quantum gravity, most notably within string theory and regarding the 
calculation of black hole entropy from statistical mechanics. The entropy of a black hole 
appears to be connected with the presence of a horizon, but black holes are not the only 
geometries with horizons. It was shown Q early on that also cosmological horizons have 
corresponding entropies, given by the same expression 

s-A 

b AG 

(the Bekenstein-Hawking formula) as for black holes, where now A is the ( generalized) 
area of the cosmological horizon and G is Newton's constant. A prototype of spacetimes 
with cosmological horizons is provided by de Sitter spacetime, and the spinning black hole 
generalizations, Kerr-de Sitter (KdS). 

Following Carlip Q , numerous papers have appeared calculating the entropy of the three- 
dimensional BTZ jj| black hole. As emphasized ||], these share some serious shortcomings, 
and it looks difficult to arrive at the Bekenstein-Hawking formula from pure gravity. In 
the light of these shortcomings it was proposed in jj| how to reconcile pure gravity with 
the Bekenstein-Hawking formula. A main theme in that work was the discovery of new 
sectors of solutions which provided the necessary increase in the number of degrees of free- 
dom. This was in turn inspired by earlier results Q where a classical equivalence between 
Chern- Simons gauge theory and a WZNW model was rigorously formulated, and also by 
the construction of multi-black hole solutions in three-dimensional gravity with negative 
cosmological constant. 

Starting with Maldacena and Strominger Q similar methods as those used on the BTZ 
black hole have been employed for positive cosmological constant in three dimensions. There 
are no black holes in this theory, but solutions in general have a cosmological horizon. The 
most recent of these methods makes use of a conjectured correspondence between quantum 
gravity on a de Sitter background and (Euclidean) conformal field theory (CFT) on the 
conformal boundary of de Sitter spacetime In this case the boundary is disconnected 
with one spacelike component in the asymptotic past and one in the asymptotic future. These 
methods share all the shortcomings of the original methods, in addition to new interpretative 
difficulties due to the boundary being spacclikc. 

The main purpose of the present investigation was to investigate whether the results of [^) 
on the statistical mechanics of the BTZ black hole generalize to the case of positive cosmolog- 
ical constant. We consider here a two-parameter family of solutions, the KdS3 solutions first 
considered in |l0| where also a macroscopic derivation of the entropy is presented. Previous 
results depended crucially on the structure of unitary representations of SL(2,R), as being 
the gauge group in the Chern-Simons theory. In the present case the gauge group is SL(2, C), 
whose representations are drastically different from those of SL(2, M). It is therefore far from 
obvious that the entropy calculation for the BTZ black hole can be generalized to KdS3, and 
as we will show it indeed does not. 

In the next section we establish the equivalence between three-dimensional gravity with 
positive cosmological constant on a manifold with boundary, and a conformal field theory 
(CFT) closely related to the SL(2, C) WZNW model on the boundary. There is an important 
difference to the dS/CFT correspondence, however, since the boundary is not the conformal 
boundary of spacetime. Rather it is the boundary of a disc-like region excised around a 
charge which appears in the Chern- Simons formulation of gravity. This boundary is in 
general timelike. The procedure is actually independent of the location of the boundary, 
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and the correspondence is merely a consequence of the geometry having mass and/or spin. 
Section || is devoted to a brief discussion of the topological observables of the Chern-Simons 
theory, the Wilson loops. We then establish the existence of multi-center solutions also 
for positive cosmological constant in section [|. The obstruction to generalizing the BTZ 
story is encountered in section |^ when we try to introduce new non-local sectors of solutions. 
Nevertheless we proceed with the construction of the state space in section [| and the vacuum 
structure seem to conform with recent results in the dS/CFT correspondence We also show 
that the statistical entropy does not coincide with the Bekenstein-Hawking entropy. Finally 
a brief discussion is included, relating our results to some other methods. 



2 3d gravity with A > as CFT 



From the seminal work of Witten |Tl]] we know that three-dimensional gravity can be formu- 
lated as a Chern-Simons gauge theory. In the case of positive cosmological constant A = -p 
the gauge group is 50(3,1) = SX(2,C), and up to a boundary term the Einstein-Hilbert 
action is equivalent to 
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The sl(2, C) generators T a and T a satisfy 

[T a ,T b ] = f ab c T c (5) 

[f a) f b ] = f ab c f c (6) 

[Ta,f b ] = (7) 

with f ab c = e a bdV dC i V ab — diag(—l, 1, 1) and 6012 = +1 0- This complex basis is related to a 
real basis of so (3, 1) via 



M a = T a + T a 



Pa = 



(Ta - T a ) 



where 



(8) 
(9) 

(10) 
(11) 

(12) 

4 Compared to the SO(2, 2) case in [|| the normalisation of the generators is chosen differently so that 
here Tr(T a Ti,) = 7] a i,. This explains the value of k above. 



[M a ,M b ] = f ab c M, 
1 
I 

[M a ,Pb] = f ab C Pc 



[Pa,P b ] = ~^f ab C M c 
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To simplify the discussion of representations, let us introduce the following more common 
basis of so(3, 1) 

L M n = -L nm , iV,M = 0, ... ,3, rjMN = diag(-l, 1,1,1) 
in which the commutation relations read 

[Lkl>Lmn] = VkmLln + WlnLkm — VknLlm — VlmLkn- (13) 

This is the natural basis when utilizing 50(3, 1) as the Lorentz group in four-dimensional 
spacetime. Two quadratic Casimirs are easily constructed in this basis 

Ci = \r, KM r, LN L KL L MN (14) 
= — L 12 — Z/23 — L 3i + L 01 + Lq 2 + Lq 3 (15) 
C-2 = -e KLMN LklLmn (16) 

= L01L23 — L12-L30 + ^20-^13 (17) 

and the relation to the M, P basis is given as 

M = L 12 , Mi = L 2a , M 2 = L i 



Thus 



P — I 1 L 30} Pi — I 1 ii3, P 2 — I 1 L 2 



C x - V ab M a M b -l 2 v ab P a P b (18) 
C 2 = lv ab M a P b (19) 



and 



V ab T a T b = i(Ci+2tC 2 ) (20) 
V ab f a f b = i(Ci-2tC 2 ). (21) 

Any unitary representation D of so(3, 1) can be decomposed into a direct sum of unitary 
representations, D n , of the compact su(2) algebra generated by Lij , i,j = 1,2,3. The label n 
is the usual spin. A unitary irreducible representation of so(3, 1) carry a lowest spin ko, but 
since unitary irreducible representations are infinite dimensional there is no upper bound, 
i.e. 



D= D n . 



step = \ 



Note that if ko is an integer the full so(3, 1) representation will only contain integer su(2) 
spins, and if k is a half- integer it will only involve half-integral spins. The unitary irreducible 
representations £)g come in two series labelled by the values of the Casimirs |l3|, [l5| 

1. The complementary series D® where < c\ < 1 and c 2 = 
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2. The principal series D° 2 where c 2 £ K and Ci = fcg — (c 2 /fc ) 2 — 1 for fc G gN. 

The identity representation in fact corresponds to the upper limit of the complementary 
series, i.e. D\. We can also classify the unitary irreducible repreentations by the lowest spin 
fco together with a parameter c O] related to the Casimirs as 

ci = kl+c 2 -l (22) 

C2 = —ikoc (23) 

The two series correspond to 
1. D° C1 : fc = and < c < 1 

2 ' ^-( C2 /fc )2-i : C = ! ^ eM and fc ° 6 

Diagonalize the operator Mq and denote its eigenvalues in Dj by rrij where rrij £ {—J, — i+ 
1, . . . — There is no compact generator which commutes with Mq so the other Cartan 
generator must be a non-compact generator, which then has continuous eigenvalues. The 
eigenvalue of the operator Pq, which commutes with Mq, is given by 

i 

-(m + fc + c + 1 + a) 

where a £ M is arbitrary. 

Since the action consists of two commuting parts, the canonical analysis on a manifold 
M = M. x £ such that <9E ^ can be directly transfered from the SO(2, 2) case, and for 
details we refer to ]6| and ||. The boundary destroys gauge invariance, and to restore this 
we introduce two sets of currents on the boundary, parametrized by the coordinate <j), 
with the equal time Poisson relations 

{J a (<f>),M<t>')} = -f ab cj c (<p)S(<t>-ct>')-±-r, ab dt6(<j>-cf>') (24) 

{J Q (0),J b (^')} = -f^Jcim^-^ + ^hbd^-cj)'). (25) 

Including these boundary degrees of freedom we can write down first class constraints of a 
form similar to those in || 

d r A£ - d^A r a + ft c A b r A% - (A£ + ^J a )5(x £ 0£) = (26) 

where r is chosen such that (r, <p) parametrize S. The boundary delta function S(x £ 9£) is 
defined by f^d 2 xf(x)5(x £ 9E) = J as [/(a:)]aE- We refer to || for details of the canonical 
analysis. On the constraint surface, and considering only smooth field configurations near 
and on the boundary, these constraints imply 

J a = ~^ A *\™ ( 27 ) 
J a = ^A;U. (28) 

Since (A a )* = A a , the currents satisfy 

(j a y = J a . (29) 
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From H and [0 we know that we can fix the gauge and obtain the following gauge fixed 
Hamiltonian 

H = TU I r ja + ^Fw / JaJ * ( 3 °) 
2akl J ds 2akl J ds 

where a and a are arbitrary constants with the constraint a/-a ^. We fix these parameters 
such that 

IH = / J"J n -^ / JV a (31) 

A j os A ./as 

= L Q + L . (32) 
The Fourier modes of the currents are defined as 

mez 

J Q = J-^J« e ^. (34) 

Z7T *■ — ' 

Inserting the Fourier decomposition in (|3l]) we get 

L a = — (C\ + HC-i) + non-zero mode part (35) 
4A 

Zo = — - (Ci — 21C2) + non-zero mode part (36) 
4A 

In the case of negative cosmological constant the two parts of the Hamiltonian combine to 
the full 51,(2, R) WZNW Hamiltonian. Here, however, we do not obtain the full SX(2,C) 
WZNW model since each current do not independently generate the st(2, C) algebra. Instead 
the classical degrees of freedom correspond to those of the so called H£ WZNW model 
|l7|. |l8| [ll], |2Cj], conjectured to describe string propagation on the Euclidean version of AdS 3 . 

There exists a two-parameter class of three-geometries called Kerr-de Sitter (KdSs) solu- 
tions IllOi with metrics 



1 / n n- \ 2 



(37) 



The case M = 1/G, J — corresponds to pure de Sitter which has a cosmological horizon 
at r = 7*4. = I. For generic values of the parameters there is a single cosmological horizon, 
thus one should not speak of black holes. The horizon dissapears, however, for M = J = 0. 
By inspection, it is also clear that there is, in general, a conical singularity at r = 0. The 
parameters M and J can be expressed in terms of the parameters r + and r_ as 



analogous to the expressions for the BTZ case. 

5 As explained in the case a = —a yields a doubly chiral Hamiltonian. A symmetry argument shows 
that this is not the correct choice for gravity, and the argument works equally well in the present setting. 
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In the region r > r + we can perform the following coordinate transformation 

r 2 = r\ cosh 2 r + r 2 sinh 2 r (38) 

The metric then transforms to 

ds 2 = -Pdr 2 + cosh 2 t (J—dt - r+dcf^j 2 + sinh 2 r (^r<& + r_#) 2 (39) 
The dreibein and spin connections can now be chosen to be 

e = Idr uj = (40) 

r+ 1 r — 

e\ = — sinhr(— dt + r-dcf>) u>\ = — sinhr(— dt — r + d<j)) (41) 

r_ 1 T-l- 

62 = — cosh r(—dt — r + d<p) u>% = — — coshr( — dt + r-d(j>). (42) 

By the relation A a = uj a + \e a the ^-component of the vector field corresponding to this 
metric is 

= -- (sinhr [r + + ir_]T a + coshr [r_ - ir + ]T 2 ) (43) 



which yields the currents 



J° = (44) 
J 1 = 4~r sinhr [r+ + ir~] (45) 

47T/ 

J 2 = — rcoshr[r_ -ir+]. (46) 
47rZ 



The J sector is obtained by complex conjugation, and the Virasoro zero-modes become 

A 

Ti 



L = -—[ r \-rl+2ir + rJ\ (47) 



= -C-[M-iJ/1\ (48) 
L = ~[tl -r 2 _ -2ir+r_] (49) 
= -—[M + iJ/l]. (50) 



Comparison with (B6|) yields 



1 

GA 2 
1 



M = -—2 C ^ (51) 
(fc 2 + c 2 -l) (52) 



GA 2 

J = ^ (53) 

= -§^2 k ° C - ( 54 ) 

We see in particular that all geometries with positive mass correspond to principal represen- 
tations. The relevance of the negative mass geometries is not clear to us. 



G 



3 Holonomies 



The topological nature of Chern-Simons theory implies that the fields are locally pure gauge 
A = U~ x dU , for U an element of SL(2, C), and any non-trivial observable has to be associated 
with the boundaries of spacetime or be topological. The simplest topological observables are 
holonomies (or Wilson loops) measuring the effect of parallel transport along a closed loop 
in spacetime. For flat connections the result can only be non-zero if the loop C is non- 
contractible. Then the Wilson loop is 



W{C) =Vexp (j A 



(55) 



where V denotes path ordering of the exponential. The Wilson loop by itself is not invariant 
under gauge transformations but the trace of it is. 
For the KdS3 solutions we obtain 



TrW(C) = 4 



cosh {j r ~j~ S j cos ( 7r_ ^~ ^ ~~ ' Sl " :i 



TtW{C) 



— 4 cosh ! 77 

= 4 



cosh cos ( 7r_ ^~) ' smn ( 7r ~) s * n (j 1 ^ 



= 4 COSh 7T 



(56) 
(57) 
(58) 
(59) 



which relate the holonomies to the mass and spin of the geometry. So we see that generically 
the Wilson loop will take complex values, and genuine observables are related to real combi- 
nations of traces of the Wilson loops. This in turn implies that every possible eigenvalue of 
the Wilson loop corresponds to a certain KdS3 solution which is not the case for the BTZ 
solution. It may be interesting also to notice the value of the holonomy for pure de Sitter. 
As mentioned earlier, this is obtained by setting r + = I and r_ = 0. Then we see that the 
trace of the holonomy takes the value TrW(C) = —4. A peculiar feature is the periodicity 



In analogy to the case of negative curvature there also exist multicenter solutions when 
the curvature is positive which will be established in the next session. For these solutions 
the Wilson loop will just add up all separate charges (r+ respective r_ for each source) that 
are enclosed . If we enclose KdS3-like solutions the Wilson loops are 



TtW(C) = 4 cosh tt 



rc_ - irc+ 



TtW(C) = 4 cosh 7T 



rc- + irc+ 



I J 



(60) 
(61) 



where rc+ (rc-) denotes the sum of all charges r + (r_) enclosed by C. Here we see an 
important difference between the KdS3 and the BTZ black hole case. If several spinless (i.e. 
r_ = 0) KdS3 sources are encircled such that the sum of all r + adds up to Z(l + In) for some 
integer n, then by the periodicity the total Wilson loop at infinity will be that of pure de 
Sitter. 



6 The normalization factor of 4 is due to the choice of representation. 
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4 Multi-center solutions 



In Q it was shown that in the Chern-Simons formulation there exist multi-center generaliza- 
tions of the BTZ-solution, and in || the solutions were further generalized to line sources. It 
is easy to generalize the multi-center solutions to positive cosmological constant. Here we will 
write down the solution for the case of having point sources and we will also ensure that it 
behaves asympotically as KdS3. We do, however, leave an analysis of the physical relevance, 
as performed in [Q, aside. For point source solutions the equations of motion dA + A A A = 
are satisfied by the vector potential outside the sources. We previously used these solutions 
as inspiration for the introduction of new sectors of solutions, and in that case we believe 
they provide an important contribution to the density of states. 

It should be pointed out that even though inside the horizon the radial coordinate r 
is spatial also for KdS3, the asymptotic behavour is quite different. Outside the horizon t 
becomes the time coordinate, and the boundary at infinity is spacelike. The vector field for 
such a solution outside the horizon can be written 

A = -(/ + Qdt) sinh(/i)Ti + i(f + Qdt) cosh(/i)T 2 - dhT (62) 

where h is a scalar function generalizing the coordinate r and / is a one-form inside the 
horizon which is closed except at isolated sources 

N 

df = 2ir qiS 2 (x — xi) dx A dy . (63) 

i=l 

The charges qi = Ti + — iri- determine the strength of the sources (the masses and spins of 
KdS3 solutions). By integrating ( |63|) over a large disk D enclosing all sources we obtain 

<f f= [ d/ = 2^V gj = 27rQ . (64) 

JdD JD j=1 

If appropriate boundary conditions on / are assumed, / — > Qd/fi as r — > oo. The second 
gauge field A is just the complex conjugate of A. 

The metric corresponding to the Chern-Simon fields is, 

ds 2 = cosh 2 (/i(x, y)) {r_tft - Sl(f(x, y))} 2 + smh 2 (h(x, y)) {r+dt + $S(f(x, y))f - dh(x, yf , 

(65) 

where 

r+ = R(Q) , r_ = 9f(Q) (66) 



The metric is easily compared with (|39|). The one- form f/Q generalizes the angular one-form 
dcj>. Asymptotically it behaves like KdS3 as long as h(x, y) — > t at infinity. 

It may appear strange to discuss spatial sections with boundary when we intend to de- 
scribe KdS3 geometries which have no spatial boundary. The reason is that we insist on 
describing the whole E with one set of coordinates. As described in || all (but a zero- 
measure set of) solutions are then described by gauge connections which are singular along 
some world-line in the Chern-Simons theory. This is made obvious by the discussion above 
regarding the construction of multi-center solutions, where the position of the charges cor- 
respond to such singularities. A singularity forces us to remove a (small) disc around the 
charge in each spatial section, presenting us with a boundary. In a multi-center solution we 
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should remove a disc around each charge which results in several disconnected bondaries, 
<9£i, each supporting a current J". We thus stress that the presence of boundaries in M. is 
a natural feature. 

Another important feature is that nothing in the formalism depends on the location of 
the boundary, and it is strictly not correct to say that the CFT lives " on the boundary" , 
whether that is at infinity or any other place. Thus although we are forced to introduce 
boundaries, the locations of the boundaries are irrelevant. 

One might think that an infinite number of currents are needed to describe all possible 
configurations, but this is interestingly enough not the case. It is possible |J to choose a 
gauge in the full theory such that 

k 

T a — a a 

everywhere, and not only on the boundary. For a solution with several disconnected bound- 
aries this constraint relates all currents to each other, and only one is really needed. Note, 
however, that it may well be impossible to apply this constraint globally, and in the previous 
work |5| this provided inspiration to include also sectors with non-local boundary conditions. 



5 Generating solutions by singular gauge transforma- 
tions 

We will now investigate what solutions can be generated by singular gauge transformations. 
In H this technique was used to find new sectors of solutions. We consider transformations 
of B = A + A. Consider the one-parameter family of transformations 

B^g-\B + d)g, g = e -^o+rr )_ 

We obtain 

A® = A® — s<5q,2: A~at = e^ ls ^ A^ 



A a — A® s<5q,2, A a — ^ A^~ 

where A^ — iA 1 ± A 2 and vice versa for A. Demanding that the transformed fields are still 
related by complex conjugation gives the constraint 

* — 
s = s 

with two special solutions 

s El, s = s 

and 

is G M, s = —s. 

In the first case the group element g used in the transformation becomes g — er s ^ M ° which 
is periodic with period 2-7T, and therefore a regular gauge transformation, for s G Z. The 
second case implies g — e ts ^ p ° which is only a regular gaugetransformation for s = since 
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= P . Extending this to a complete "gauge" transformation, i.e. transforming also the 
boundary currents, gives 



J° = J° + — , J±= e ^j± 

47T 



~_0 
J 



or in terms of Fourier modes 



= JO-™, J = e =F«*J± 

47T 



TO _ 70 , £^ r 



-0 _ n 

7—7° 



sfc 



(67) 



J* - J* 



n=ps 



J — J 



n=ps 



(68) 



which we recognize as the spectral flow of s^. To see how the so(3, 1) representations are 
affected we move to the M, P-basis. Since Mq = Jq + Jq is a compact generator it has 
discrete eigenvalues while Pq = — Jq), being non-compact, has continuous spectrum. 
Therefore, following (H), we should consider Mg which transforms as 



„ ^M ° = M ° + -( S -s). 



The first case, s real, implies that Mq does not transform at all, and consequently there is 
no restriction on s from representation theory. In the second case, s imaginary, we have 

M ° -> M ° = M ° + ks. 

Performing this transformation on a unitary irreducible representation of so(3,l) has the 
effect of shifting the M eigenvalue, and to stay within the class of unitary representations 
we must demand ks G ^Z. Unlike the BTZ case, however, there are no values of s which give 
regular gauge transformations, and consequently k is not quantized and there is no bound 
on the number of new sectors. There are also further differences regarding the solution gen- 
erating transformations above. The values of the KdS3 Wilson loops ( |57| ) changes according 
to 



TrW[C] 



4 cosh 7r 



1 



(69) 



These transformations do not generate new eigenvalues of the Wilson loops since any value 
of s can be incorporated in a redefinition of r + and r_ while remaining in the class of KdS3 
solutions. This is in contrast to the AdS3 case where the analogous transformation generated 
genuinely new Wilson loops. 

We have discovered a significant difference between the space of solutions for positive and 
negative cosmological constant in three dimensions. An important consequence is that the 
microscopic mechanisms responsible for the entropy are not the same for positive A as for 
negative A. It should be pointed out that the result obtained in this sector is independent 
of the spectral flow direction in the algebras. 



6 Quantum state space 

Since the left- and right-moving currents are now related by complex conjugation, it is 
perhaps not obvious how to construct the state space from the Fourier modes. By moving to 
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the real M, P basis, it is obvious that there are 6 real field degrees of freedom, and we should 
thus let J a and J a act independently. The relation (|29|), which in the quantized version reads 

has instead implications for the inner product of the state space as will now be discussed. 
We have in principle two possible choices of vacua, either 

J°|0) = Jl n \0) -0 Vn>0 

or 

J£|0) = J*|0>=0 Vn>0. 
The commutators corresponding to (|24| ) and read in modes 

k 

k 

In the first choice of state space we define a sesquilinear form by 

where — Qip)y. This is the first step in constructing an inner product on the state 
space, and it is instructive to study a few simple examples. By defining |l,a) = J" JO) and 
| La) = Jf\0) we get using the hermiticity properties of the modes together with ( |70|) and 

(|l,o),|l,6)) = (|l, a ),|I,6)) = ^ 6 

(|I,o>,|l,6)) = -^ 6 (|I,a>,|I,6» = 0. 

We see that the form is not diagonal in this basis, but it is still obvious that (even if we get 
rid of the factor of i present in k) the indefinite metric rf h results in an indefinite sesquilinear 
form. We can thus not create a unitary theory in this state space. 

If we try to define the form (, ) in the same way for the latter choice of vacuum, however, we 
run into trouble. Since now (|l,a), |1,6» = (0|Jf J* x |0) = -^ ab (Q\0) and |l,o) = Jf|0) = 0, 

we necessarily get (0|0) = 0. Hence we need to define another state |0) by 

J-nW) = J- n \0) = Vn>0 

and then it is consistent to impose the normalization (0|0) = 1 and define the sesquilinear 
form 

(|?),|^» = (?|0). 

Since e.g. (| 1, a) , |2, &)) = |?7 ab (0|0), however, it is impossible to build a unitary state space 
also with this choice of vacuum. It is interesting to note that the definition of the vacuum 
state in QFT on a de Sitter background has recently been discussed [^3[ pij, and seems to 
fit the second choice above. 

In certain applications, such as strings described by WZNW models with compact groups, 
unitarity picks the latter vacuum. This is because the representations of the left- and right- 
moving affine algebras then have the same value of the level k. With the former choice of 
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vacuum, the levels in the two chiral sectors differs by a sign. Since in that case the left- and 
right-moving currents are not related by complex conjugation, the subtlety with the state |0) 
does not appear, however. In the present gravitational context, the question of which vacuum 
to choose is not as obvious. Consider the action of H on a state corresponding to either of the 
two choices of vacuum. Disregarding the zero-modes, we see that the commutation relations 
( f70| ) and implies the Hamiltonian acting on the former space yields N — N while acting 
on the latter space it gives N + N, where N and N are the number operators in the respective 
sectors. This, we believe, shows that the latter state space is more natural. 

Since we could not establish the presence of different sectors this is the full story and 
the calculation of the semiclassical entropy is a simple exercise. The Hamiltonian is written 
in eq. (|3T|), and the state space is constructed by acting with negative frequency modes on 
ground states \R)\R), transforming in some unitary representation of SL(2, C). Recall that 
describing the theory only in terms of the currents involves a complete gauge fixing, and 
there are therefore no constraints left to kill states in the state space constructed by negative 
frequency modes of the six current degrees of freedom. A consequence of this and the fact 
that the state space has the same number of states as that of three free bosons is that the 
number of different states of a given chirality at " mode number" N is simply the 3rd partition 
of N, and the asymptotic behaviour of this function is easily determined by e.g. a saddle 
point method to be 

Note that no assumptions on unitarity or modular invariance have been made. For fixed val- 
ues of the zero modes of L and L the asymptotic number of states with ( large) eigenvalues 
A and A of Lq and Lq is 

q(A,A) ~ e 2 ^e 27 V*. (72) 
We now assume that we can make the identification (ft8|), (50) 

1 



A = 
A = 



16|fc| V 2G 
1 / ' r + — VT- 



2 



16* V 2G 



2 



for an arbitrary state in the state space. Inserted in (j7|) this gives 

S= ^m^ (73) 

which in the semiclassical limit |fc| — * oo is very far from the Bekenstein-Hawking expression. 
The partition function also contains an integration over the zero-modes, but it is straight- 
forward to check that this gives corrections to ( |73| ) which are at most logarithmic in A and 
A. 



7 Discussion 

Let us first give a short summary of the results. By using the Chern-Simons formulation 
of three-dimensional gravity we showed that on a manifold M. = K x S where <9E ^ 0, 
three-dimensional gravity with positive cosmological constant is canonically equivalent to two 
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SL{2, C) currents of opposite chirality and related by complex conjugation. We furthermore 
determined the relation between the parameters of the vacuum (KdSs) solutions, the mass 
and spin, and the Casimirs of unitary irreducible representations of SL(2, C). All positive 
mass geometries were found to correspond to the principal unitary series. The eigenvalues 
of the holonomies of these solutions were then calculated in terms of the mass and spin. 
Existence of " multi-center" KdS3 solutions were established in analogy with the multi-center 
black hole solutions for A < 0. In the latter case the existence of multi-center solutions served 
as motivation for introducing new sectors of solutions. We showed in section ^, however, that 
similar new sectors do not appear for the present case A > 0. We then proceeded by showing 
that with the choice of vacuum implied by the gravitational interpretation we are forced to 
introduce a new state, conjugate to the vacuum. The state space will in agreement with the 
A < case necessarily contain states of negative norm. Finally we determined the asymptotic 
density of states to show that the space of solutions is not degenerate enough to saturate the 
Bckenstcin-Hawking entropy corresponding to the cosmological horizon. 

Although, as we have shown, much of the formalism is readily transferred between the 
A < and A > cases, the spaces of solutions are quite different in structure. For nega- 
tive cosmological constant we found a mapping from the space of classical solutions to the 
state space of the WZNW model such that the microcanonical density of states yields the 
Bekenstein-Hawking entropy. Here we attempted the same construction for positive cosmo- 
logical constant, and we found that such a mapping does not give the Bekenstein-Hawking 
entropy corresponding to the cosmological horizon. Although multi-center solutions exist in 
both cases, the relevance of these do not seem to be the same. 

Let us finish with a brief discussion of the relation to other results. In [| a method 
parallell to that of Carlip 0] for the BTZ black hole was employed to calculate the dS^ 
entropy. The Hamiltonian in ^] reads using our conventions 

lH = yh~i £ : J » J -« : ^ ~ 2fcTT £ : J « J -« : (74) 

which we have seen corresponds to the choice a = — a and was argued not to be the correct 
choice for gravity. The terms ±1 in the denominators are renormalization constants, and 
should be removed to obtain the classical expression. To clarify the difference of this choice 
compared to @, insert © and @ into @: 

H = (75) 

which shows that the Hamiltonian, as expected, is proportional to the KdS3 mass. The other 
possible choice of Hamiltonian (|7J), involves a switch in sign in front of Zo, and this yields 

B—±J, (76) 

i.e. the Hamiltonian in this case is proportional to the spin rather than the mass of the KdS3 
geometry. 

Recently a conjectural correspondence || between quantum gravity on asymptotically de 
Sitter space and conformal field theory on the conformal (spacelike) boundary has received 
much attention. In the three-dimensional case analysis of asymptotic symmetries |2^, ^) 
yields, in analogy with the classic work |26| concerning AdS3, a Virasoro algebra with cen- 
tral charge c = 31 /2G. Naively inserted in the Cardy formula for the asymptotic density of 
states in a modular invariant CFT it yields the Bekenstein-Hawking entropy for the cosmo- 
logical horizon p4], |25|]. The CFT in question, however, is not identified. Not surprisingly, 
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our Virasoro algebra has effective central charge c = 6, and it should be interpreted as a CFT 
describing the gravitational sector of string theory in a KdS3 background. Things are quite 
different in AdS3 where we obtain a CFT description of the gravitational sector of string 
theory with central charge c ~ i.e. the entropy is obtained by calculating only gravita- 
tional degrees of freedom. Assuming validity of the dS/CFT correspondence it thus seems 
that string theory on a dS^ background couples matter and gravity differently compared to 
AdS3. This should perhaps not be considered surprising since there are great difficulties in 
describing string theory in a dS background. Hopefully further development of the dS/CFT 
correspondence will shed light on the nature of the differences between negative and positive 
cosmological constant. 
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